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A novel method to compute long-time molecular dynamics trajectories is employed to study the folding
kinetics of C peptide. The computational method makes it possible to use a time step larger by orders of
magnitude compared to widely used molecular dynamics integrators. Rather than solving the trajectory in
small time steps, the whole trajectory is optimized. The algorithm filters high-frequency modes that are modeled
as Gaussian noise. The assumption of “Gaussian noise” is tested numerically in two cases and found to be
adequate. In all, 31 trajectories of C peptide that folds into a helix in explicit solvent (TIP3P water molecules)
are computed. The time step is 500 ps. The folding pathways and the early formation of structure are discussed.
Comparisons to a 2-ns trajectory calculated with the usual molecular dynamics approach and to available
experimental data are made.

I. Introduction At, increases. The main features of the algorithm and a few
simple examples were discussed elsewRédtere, we present

the algorithm from a new theoretical viewpoint with emphasis
on the noise in the difference equation. This eliminates some
of the conceptual difficulties associated with stochastic dif-
ferential equation&:1° Another theoretical question relevant to
the computations of experimental measurements is what are the

significant drawback of the current computational methodology weights of the d_ifferent traj(_ectories. A statistical approach to
is of time scales. The longest individual trajectories that are compute the weights is outlined.

computed today are up to thousands of nanoseconds. This is As an application of a significant biophysical interest, we
far shorter than many biophysical processes such as ion transportudy the folding kinetic of a short peptide. The C peptide is
through membranes (microsecorfas)d folding (milliseconds ~ one of the systems that was studied most extensively in the
to seconds}. past. It was investigated in the context of folding nucleation

Here, we discuss an alternative method to compute molecularsites (for a recent review, see Chakrabar and BaléviThe

trajectories that makes it possible to study dynamics on extendedC peptide is a fragment of the protein ribonuclease A, a fragment
time scaled. It produces approximate (but numerically stable) that spontaneously forms a partial helix. The results of individual
solutions to the differential equations of motion. The time step trajectories are examined to explore the mechanism of helix
that we use in the alternative methodology can be of an (almost) formation. The sampling we have so far is insufficient to
arbitrary size and still provides a stable solution. High frequen- compute ensemble averages and rates that are left for future
cies,w ~ m/At, are automatically filtered out as the time step, studies. Further investigations are desirable to obtain statistically

Molecular dynamics simulations contributed significantly to
our understanding of condensed phasEsm the perspective
of molecular biophysics, the simulations shed light on the
kinetics and on the thermodynamics of numerous biophysical
and biochemical processes. Examples are ligand diffifsion,
ligand binding? and folding of short peptidesNevertheless, a
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converged data. Nevertheless, our present results elucidate 400 - :
several intriguing features of the folding mechanisms.
300

Il. Method

In the widely used molecular dynamics approach, an initial 200 |
value problem is solved. The coordinates and the velocities (and
hence the energy) are specified at the beginning of the
calculations and are propagated in time using small steps. In
contrast, the technique outlined below requires the specification
of the total time and the starting and ending coordinates. The
value of the energy is not required. The new technique is useful
to study the dynamics when the reactants and the products are  -100
known. The total time of the trajectory, which is input,

100

displacement

0.0 |

determines the energy of the system. 200 ( l ‘ ‘
. 0.0 2.0 4.0 8.0 8.0 10.0
Most of our studies are of room temperature processes. time (arbitrary units)
Ther.efore, thg individual trajectories should be, weighted ac- Figure 1. Numerical solutions of the equations of motions for the
cording to their energy with the Boltzmann weight, exgy harmonic oscillatorX + X = 0, the period is 2). The Verlet integrator

ksT)]. E is the energy of the trajectorkg is the Boltzmann provides accurate solutions for time steps of 0.1 and 0.5. Significant
constant, and is the temperature. If the Boltzmann weight is  deviations from the exact solution are observed for a step of 1 (dashed
small (the energy is high), the resulting path will add little to line), but the solution is still stable. When the time step is 2.1, the
the ensemble of room-temperature trajectories leading from Verlet integrator looses its stability (solid line).

reactants to pr(zducts. Tthe cliecreasée of:he trlajetctory We'%ﬁ]t\twhpotential, U(X). There are numerous ways of formulating
energy Suggests a practical procedure 1o Select reasonable imeg, sqicq| mechanics that suggest useful numerical algorithms.

Ior thﬁ trtajﬁlctory. \l/,\[l.e sf[art W'tth shqlrltélmels. I :he tottal.t'm?. 'S For example, one may seek stationary points of the classical
tﬁots ort, tne resu f:?gh rajec orydW| € c ose”'ot.a s rat'ﬁ] '_?ﬁ action or solve the HamiltonJacobi equation. By far, the most
at passes over high-energy domains (ballistic paths). € common approach in condensed-phase simulations is to solve

_Boltzr_nann weight will be _small. In bnef, we de§|re solutions a second-order differential equation that is Newton’s second
in which further lengthening of the trajectory time does not

. . law:
change appreciably the energy of the barrier. a
We are usually interested in transitions between quasiequi- 2
- . dX_ du
librium states and not coordinates. Therefore, some averages 2T T ax (1)
over initial and final conditions are required. The additional dt

averaging leads to further variations in the energies of the
trajectories and in the Boltzmann weights. Derivation of the
weights of the trajectories will be discussed in the Theory
section.

The proposed approatitomplements existing numerical
algorithms that are based on initial values and solve the
differential equations of motion. It is potentially useful for cases

The mass matriM is diagonal (for simplicity we restrict
the discussion below to Cartesian coordinates only) and the
derivative with respect to the vectoft denotes a gradient.
Equation 1 is the corner stone of the usual molecular dynamics
approach and is solved with initial values.

A common algorithm to integrate eq 1 is the Verlet

i 12
in which the “reactants” (starting configuration) and “products” algorithm:
(ending configuration) are known but is not suitable for problems L dU,
in which the end structures are not available. For example, Xit1 = 2% = Xy = M 7oAt 2)
1

investigating the dynamics of the R to T conformational

transiti_on in hemoglobin is _accessi_ble to the new approach  the time stepAt must be small since the algorithm looses
(experimental crystallographic coordinates are available for the stability quite rapidly as the time step increases (Figure 1).

R and the T states of the proteirl). Qn the other hand, searching 1 start, the algorithm requires the coordinates and the
for the correct fold of a protein with an unknown structure | .4cities at some initial time, say= 0:

(which can be done by leaving the end of the trajectory free to
move) is not advantageous compared to an initial value dx
formulation. Xli=o = X(0); dtleo V(0)

The Method section is divided into two parts. The first part
discusses the theory of a single trajectory and the protocol to As an alternative to velocities, one may use coordinate set at
sample ensembles of trajectories. The second section deals witlsomewhat later timeX(At), as is done in eq 2. In principle, it
the numerical algorithms and estimates of the computational is possible to write many alternative algorithms to solve the
costs for plausible applications in general and for the system equations of motions. An algorithm of some interest to us is
investigated in the present paper, the folding of C peptide, in
particular.

11.1. Theory. In this section, the theory behind the algorithm
is discussed and derived. We start with the theory of a single
trajectory. Equation 3, in which the force is evaluated at the edge of the

11.1.1. Definition of Errors and the Stochastic Difference time interval, is not the natural choice to solve initial value
Equation.The goal is to find a method that computes classical problems. It is not symmetric in time, is less accurate than eq
dynamics of N particles with initial positions given by a 2, and requires the same computational effort. However, it is
coordinate vectoX. The particles interact via a nonseparable not all negative. If we start ai—;, eq 3 does not require the

A dU
V dxi—l (3)

Xip1 = 2% — Xy
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calculations of future forces, an attractive feature of the above We have chosen the errors as in eq 5 since the resulting
algorithm. More importantly, in the limit of smalhkt, eq 3 is Jacobian is a constantettX; = M/At?) and it does not depend
reduced to the exact formula. As discussed below, shifting the on the coordinates. In fact, it can be show that even the Jacobian
computations off the time center is convenient for the present for the whole trajectory, from a sequenceepfo a sequence of
derivation. coordinatesy;, is a constant. The procedure to prove that the

Consider a set of coordinat€Xo, Xi, ..} separated in time  Jacobian is a constant is not trivial and is based on the expansion
by the stepAt. We are told that the exact solution of the of the Jacobian determinant. The reader interested in a brief
differential equatiorX(t) coincides with the above discrete set explanation is encouraged to use ref 9. Reference 10 includes
as follows: {X(to) = Xo,X(t1) = Xy, . . .; tixs — t = At}. That a complete description.
is, we have a representative discrete set of the exact trajectory.

How can we verify it? The discrete set does not allow for exact dfj

evaluation of time derivatives. Typically, we obtain the discrete |_|d6j = |_| z_ dX| = |_|‘]i dX; = constx |_|dxi (6)
set from a numerical solution using integrators like Verlet (eq | i X i i

2). Hence, all we have is the discrete set.

A suggestion for a test is to recalculate the value of the
differential equation (the starting point for the computation).
Ideally, it should be 0 (eq ¢ Unfortunately, the exact local
value of the differential equation is not known since we only
have a discrete set. There is no exact procedure to obtain th
second derivatives with respect to time with a finite and discrete
set of trajectory points. Nevertheless, the value of the time
derivative can be approximated by a finite difference formula.

As we demonstrate later, simulations that are based on atomic
models behave in accord with our ad hoc placement of the force
at the edge of the interval. Related studies of the transformation
between the errors and the coordinates were performed in the

Jast in the context of stochastic differential equati®mm
example is the Langevin equation, in which noise is present in
the differential form.

2
Below, we use a simple expression, which is convenient Md_X + d_X d—U =R 7
/ ! X . 2"V T dx @
computationally. As discussed later, the simple expression has dt
unigue properties, and it is not clear if more accurate differentia- )
tion improves the overall accuracy or stability. Our focus here is the analogy betweRiande. However, a
few remarks on the Langevin formalism are warranted. There
d2X X, + X_, — 2%, are two phenomenological terms that are added to the Newton’s
| A 4) equation to give the Langevin model: (1) the frictip(dX/dt)
dt” lt=, At and (2) the random forcR. They are introduced in order to

describe an external environment that is not modeled explicitly.
This estimate coincides with the exact expression only in the There is no simple and exact connection between the above
limit of an infinitesimally small time stepAt. Hence, the  equation and Newtonian mechanics. Specifically, a constant
estimate of the differential equation below (for finitd) is not friction cannot be derived from a Newtonian model. In general,
necessarily O if the trajectory is exact. the friction should be time and coordinate dependent. In practice,
almost all Langevin simulations employed a constant value.
. — [M(Xi—z + X — 2%y n du () Moreover, the choice of the friction strongly influences the
! NG dX_, dynamics of the system, and a trajectory so obtained is not a
systematic approximation to a Newtonian atomic trajectory.

Equation 5 is not that great as a test of accuracy, since itis Finally, we note that in the long-time limit the mass term is
an approximation. Nevertheless, eq 5 is a useful starting point Sometimes ignored yielding another stochastic differential
for the derivations in the present manuscript. It suggests a eduation that describes Brownian dynamics.
different way to compute trajectories by minimizing the absolute
value of the vector of “errors’s;. Since eq 5 is approximate, yd_X a _
is not a true estimate of the errors of the solution to the dt  dX
differential equation. Nevertheless, for convenience, we omit
the quotes in further discussions of the errors. The vector is of
the same rank as the coordinates, and it provides a useful
measure of the errors in the whole coordinate space.

Note also the asymmetric position of the coordinate difference
in time and the force. The force dU/dX;—, is computed at the

R (8)

We return to explore the analogy betweBnthe random
force, andk, the errors in the numerical solution of the Newton
equation. A similar argument to thecase is used to find a
connection between the probability distributionR&ndX. The
connection can be made in both the Langevin and the Brownian
edge of the interval, while computing it at the middle is in cases. The_ treatment of_stochastic di_fferen_tial eqqations is
general more accura’te Even the time derivatives are computeJI owever trllck|gr, S'.nCGR Is a stochastic variable Wlth. zero

: correlation in time (i.e.[R(t) R(t")O= Cd(t — t'), whereC is a

2£fr:]hearc;br;;elrj '2 Z?\c?dg\t]v?\:ftlzﬁzn;?ftggnirsi;mIlr?a[st?hzqcirglig]er-con‘c'tam and is the Dirac’s delta function). Because of the
ablepadvanta pe of a convehient Jacobian ag discussed belowunpredictable future dR, even for a very small time step, it is
antag . . ) not trivial to integrate the above equation. The result is an

In particular, we are interested in the transformation from

the error vectorg;, to the coordinate vectok:. For example, ambiguity in the solution, and different approaches to stochastic

consider the probability to obtain an error vector between calculus (lto and Stratonoviéh for the same differential

: . 3 de: PP equation.
ande; + de“'_, P(ei) d.e" I,f, this d'.Str'bUt'on is known, we can aSI.( We define a stochastic difference equation (SDE), which is
the more “interesting” question from the molecular dynamics

perspective, what is the probability of finding a coordinate vector essentially the same as eq 5.

betweer_1Xi and X; + dX;, P(X)) dX;. Equation 5 provi_des the X, + X — 2% ) du
connectionP(X) dX; = P[ei(X)](dei/dX;) dX;. The Jacobian term €=M 5 (5)
(dei/dX;) depends on the location of the force in the interval! At dXi_;
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However, we add the anstaz that the errersbehave like trajectory. However, the approximate finite difference derivative
uncorrelated (in time) Gaussian random numbers, making themeans that our results are not necessarily exact evensf
above equation truly stochastic. This assumption is examinedexactly 0.
in the next section, using numerical examples. It is shown to A few questions come to mind.
be adequate for the two cases we studied. (1) What do we loose from the exact trajectory by using the

Our choice of the errors, if the analogy between the difference finite difference approximation?
equation and the differential equations is pushed further, is  (2) How far is the exact solution from the optimal trajectory?
similar to the Ito calculus. If the force is computedXt(and (3) Can we sample suggestive trajectories (not only the
therefore the Jacobian includes a derivative of the force), the optimal trajectory) to form a set that is likely to include the
corresponding calculus is of Stratonovi¢hit is beyond the exact path?
scope of the present paper to discuss stochastic calculus, and The first question was addressed in ref 7, in which we proved
for more details we refer the interested reader to the liter8&9re.  that the minimization oS filters out the atomic motions with

Our goal is to use discrete stochastic paths to model solutionsfrequenciesy that are higher tham/At. The filtering prevents
of a deterministic differential equation. For comparison, it is many of the stability problems that algorithms based on initial
useful to mention studies of stochastic paths, which are solutionsyajue propagation must face. However, we must keep in mind
of stochastic differential equations. Similar computational tools that the filtered trajectories are approximate. Some of the
can be used in both cases. filtering resemble past approximations. For example, filtering

Discussions on paths that are based on stochastic differentiakhe rapid vibrations of bonds was the target of much research
equations are widespread. They are coming back to Hibbs andgpg algorithms (such as SHAREand RATTLE2?). Experience
Feynma#® and to Onsager and MachlépIn the chemical  syggests that the underlying dynamics does not change pro-
context, Berkowitz et al® discussed reaction coordinates foundly when vibrations of bonds are eliminated. Many of the
calculated as Optlmal pathS of Brownian particles. Huo and characteristics of the slow modes are recovered.

Straub designed a computational procedure based on the above The gptimization ofS as a tool to filter the high-frequency
formalism: Pratt proposed a path integral method to compute modes does not require the identification of the fast modes to
reaction coordinates following Brownian motiofOlender and e removed. The automated filtering is in contrast to the filtering
Elber® showed that the optimal trajectory of Brownian particles i, SHAKE or RATTLE and is an advantage. We do not have
within the lto calculus is the steepest descent path. Dellago ettg know in advance which motions are likely to cause numerical
al. and Csajka and Chandiédiscussed and applied algorithms jnstapilities; the algorithm will find them by itself. However,
similar to Pratt. . . the “blind” filtering might be a disadvantage; some fast modes

If we are after a specific type of a FokkePlanck equation, (e ., barrier crossing) may be of interest. Barrier crossing occurs
then the choice of the stochastic differential calculus (and the qyickly once it is activated. It is a rare but fast motion. The
Jacobian of the transformation) is unequivocal. Hence, the rapiq transition from one side of the well to the other (Figure
equation for the density is free from the ambiguity of the g iy ref 7) corresponds to a high-frequency motion and is
differential equation that was mentioned above. For example, therefore likely to be eliminated. To “see” fast and rare
if we wish to obtain a diffusion equation with a term processes, it is necessary to use an inhomogeneous time grid.

proportional to thg divergence of the for‘tﬁhen the coordinate-  p large time stepAt, is used to sample the rare event and a
dependent Jacobian (and the Stratonovich calculus) should havgmalier stepgt, is needed to resolve the fast transition.

0 : "

been kept” _ In practice, such sharp transitions are easy to detect by
However, in the present manuscript, we do not start from & gearching for large structural changes over a single or a few

Fokker—Planck equation. Instead, we are modeling a determin- tine steps. However, the matching in time of partial solutions

istic differential equation with a stochastic difference equation. ity gifferent grids is not trivial and is left for future work.

The choice of the stochastic calculus should be made based Ofrhroughout this manuscript, a uniform time step is used.
comparison of accurate atomically detailed trajectories and the 15" gpservation that the large-time-step approximation is
approximate trajectories that employ much larger time steps. equivalent to the elimination of fast motions is of some

I1.1.2. Theory of a Single Trajectoryhe simplest derivation oqcentyal interest. However, perhaps more relevant is a

of the proposed approach to trajectory computations proceeds,,harison of the optimal solution with the exact result (that

as follows. We consider a discrete guess ofgcomplete trajectory,in judes the fast components). We attempt to answer this
{Xo, X3, ..., Xn}, where the sequential coordinates are Separatedquestion with a numerical experiment. Let the £6¥"} be the

:)r?eirﬂz(teresft:ﬁ)tr. Twegggzrsn ”ﬁg ikiﬁ ?OF\)/%O& :ﬁgrg(m;?‘tg;gtéoa discrete trajectory that globally minimiz&{S= 0). As argued
) v P b g above { X} is not the exact solution since a finite difference

better approximation for the complete traiectory by minimizing formula is used to compute the time derivative, an approximation
the sum of the squares of the errors. We call this &im . P . ! PProX
that results in the removal of rapid motions. A discrete

X+X_,—2%_, qul? representation of the exact solutidX**%, provides another
S= 6i2 = : 4 (9) value forS which is in general larger than 0. We define a range
= = At dXi_, of acceptable trajectories (with nonze®p The allowed range

of errors inSmust be large enough to enable the collection of

The sumSis a function of the trajectory coordinates at all a significant ensemble of trajectories that include the exact result.
times, {X}\\,. A global minimum ofSis achieved when all In a previous publicatiodwe made the conjecture that the
the individual errorsg;, are exactly 0. The sets of coordinates, errors, defined in formula 8, are distributed normally; that is,
{X°P} at the minimum ofS are thus providing an optimal ~ We assume that
trajectory. Note that the end points and the total time are fixed
during the optimization. 6i2

If the evaluation of the second derivative with respect to time P(e;) O exg — o (10)
is exact, then the global minimum &would yield an exact 2
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(02 is the (constant) variance of the errors). Below, we present 006 : , .
numerical data from atomically detailed simulations. The (a)
simulations suggest that the use of a normal distribution to
describe the errors is a reasonable approximation.

We consider two systems: valine dipeptide and solvated C
peptide. The smaller system is more accessible to detailed
analysis, while the analysis of C peptide is more relevant to
the application described in the present manuscript.

Valine dipeptide is a small molecule (14 atoms, the,CH
groups are treated like point masses) that can model a short
fragment of a protein chain. It was used for tests in our
laboratory in the pastThe experience and the understanding
we gathered on its properties encouraged us to use it (again) as
a test. The MOIL molecular dynamics package was used in the
simulation?® No cutoff distance for nonbonded interactions was o r 5 = o0
employed, and the velocities were assigned from a room Numerical errors in the trajectory
temperature (300 K) Boltzmann distribution. After the assign-
ment, a constant energy trajectory was calculated. The total time ~ 0.06 - ,
was 12 ns, the time step was 2 fs, and coordinates of snapshot: (b)
in time were save each 2 ps.

The set of coordinates as a function of time that we obtained
is assumed to be exact. However, when the “errots”are
computed from “exact” trajectory with a large time steyt &

2 ps), the errog; (e = M(Xi—2 + Xi — 2X—1)/At2 + dU/dX;—,)
is in general different from O.

The lowest possible value f&@is 0. We assume that such a
solution exists; that is, a discrete trajecto{r)(i}iN:l can be
found for whichSis exactly 0. As a result, the calculated errors
for the “exact” trajectory define the minimal width of an error
distribution function. Such a distribution function will be
centered near the optimal trajectory but still includes the exact
trajectory as a part of the set. %00 50 0 50 100

In Figure 2a, we show the distribution of the norm of the errors in the trajectory
individual €;; (the indexi is for the time and is for the different Figure 2. Distribution of the errorsg;, as extracted numerically from
coordinates)J is the total number of degrees of freedom (for a an “exact" trajectory of valine dipeptide. Also shown are Gaussian fits
Sing|e Structure), andN is the total number of time steps. to the numerical _histqgrams: (@) G_aussian fit that underestimates the
TheGaussian distribution that we fitted to the numerical €TOrs: (b) Gaussian fit that overestimates the errors. See text for more
distribution is details.

o
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The parameters of the Gaussian fit &B= —2.3 x 10714
and 22 = 144.579. The units of are of force, kcal/(mol A).
The figure suggests that the analytical fit captures successfully
most of the features of the numerical distribution. The only
significant differences are that the tails of the numerical
distribution are longer than those of the Gaussian. As a result,
the fitted Gaussian may underestimate the errors. If we prefer
to overestimate the errors (instead of underestimating them), it
is possible to use another fit (Figure 2b) that overestimates the . .
errors (parameters aré = —2.3 x 10 *and 22 = 216.8685). 0 P e {picoseconds) ® *

The Gaussian distribution is convenient for further develop-
ments of the theory, and we therefore stay with it. As is
discussed below, it is possible to work with arbitrary distribution
of the ¢ provided that the process is Markovian. The exact performed over two indicesthe time index angithe coordinate
functional form of the error distribution is not known for the index. In Figure 3, it is clearly shown that the decay of the
general case. Nevertheless, the Gaussian suggests a simple ammdrrelation is extremely rapid. The relaxation occurs during the
a convenient approximation to the error density. The suggestionfirst picosecond. Therefore, our estimates provide a lower bound
is consistent with the examples that we have tested so far.  to the relaxation rate. The lack of correlation between different

Another intriguing and important question regarding the errors in time is an essential ingredient for the approximate
properties of the; is the correlation of the errors. We computed  theory we outline below, since it makes it possible to describe
the double average to obta@x = [é;ei+«;[L The average is the process as Markovian.

correlation of errors

=]
T

Figure 3. Error correlation functioré(t),e(0)calculated numerically
from straightforward molecular dynamics trajectory of valine dipeptide.
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Figure 4. Distribution of the errorse”®®® as extracted numerically ~ Figure 5. Error correlation functiorié(t),e(0)kcalculated numerically
from an “exact" trajectory of C peptide computed with the usual from straightforward molecular dynamics trajectory of C peptide. See
molecular dynamics protocol. Also shown is a Gaussian fit to the text for more details.
histograms. See text for more details.
The last characteristic that remained to be examined was the
The investigation of C peptide was performed in a similar correlation of the errors. Similarly to the case of valine dipeptide,
way to the study of valine dipeptide. A straightforward the error correlation function decays extremely rapidly to O
molecular dynamics trajectory of C peptide was computed. The (Figure 5).
peptide was solvated in a box of water molecules that includes How is it possible to understand the numerical results?
1376 TIP3 water molecules. Periodic boundary conditions were Consider the ensemble avera@p = [éjei+k ) which is
enforced, and the center of mass of the C peptide wascomputed using an exact trajectory. Each of the comporents
constrained to the center of the box. The time step was 1 fs andmoves at a potentially different rate (some modes are fast and
the total time of the trajectory was 1 ns. Coordinate sets were some modes are slow), and therefore, the partial average,
saved each 2 ps. The coordinates that were saved each 2 p&(t)e(t + At)[) is expected to be “uncorrelated” with the
were also used in the error estimates. The cutoff distances foraverage of a different coordinafé,(t)eq(t + At)l] The lack of
electrostatic and van der Waals forces were 12 and 10 A, spatial memory assumes short-range correlation. This is true
respectively. for the majority of the protein motions excluding the slowest
Exploring the numerical errors for C peptide is more related degrees of freedom.
to the present investigation. We therefore attempted to mimic ~ Once the idea of the minimization of errors and the definition
some of the simulation features of the stochastic path. The of the target functiors (eq 8) are established, we are ready (in
computations to be described below employed a time scale principle) to design and apply numerical algorithms to minimize
separation for the solvent (water) and the solute (the C peptide).Sas a function of all thé; variables. However, we can further
Explicit time dependence was computed only for the C peptide use our knowledge on the distribution of the errarto write
and not for the water molecules. Therefore, we estimate the a statistical summation of paths. Let the probability of observing
errors for the slower motions only, the motions of the C-peptide. an errore betweene; and ¢ + dei at t; be P(e) de. The
That is, probability density of observing a time sequence of errors is
If’(sl, ...y €N) = [Ni=1...nP(€). The last formula is equivalent to
xpPeptide_y ypepiide __ oypeptide the statement that the stochastic variatfle}., are uncorre-
> lated in time. However, the coordinates of the trajectory are
At _ more useful quantities compared to the errors. We therefore
du(xPeptee xvae convert the formula to coordinate space (and the coordinates
peptce (12) are correlated in timeR(ey, ..., en) = [Ti=1...NPlei(Xi—2, Xi-1,
i—2 Xi)]. The optimal trajectory can now be obtained from the
optimization of the target function

peptide _
€ =M peptide

The distribution of errors fogPertide and the Gaussian fit
(parameters ar@l= 7.8 x 10~°and 2* = 354.722 ) are shown S=—1ogP(ey, ...,e)] = Z —log[P(¢)] (13)
in Figure 4. i=f7N
Note that the distribution is more “Gaussian-like” compared
to the distribution that was obtained from the valine dipeptide  This formula is reduced to eq 8 in the special case in which
simulations. This observation is encouraging since we are P(¢), is a Gaussian. For simplicity and lack of further
primarily interested in larger systems. Nevertheless, there areknowledge, we are using a Gaussian formula. However, if better
similar deviations from the Gaussian behavior in the small and or alternative expressions are given for the error distribution
large molecular systems perhaps indicating a conceptual dif-for a single step, the alternative form (based on formula 13),
ference. can be employed as well. From the above discussion, it is also
The fit in Figure 4 overestimates the errors; we do not show clear that a crucial element of the derivation®andSis the
a fit that underestimate the errors (like in the valine dipeptide). lack of correlation between errors at different times.
Note also that the values of the variances (for valine and C  Another comment concerning the theory of a single trajectory
peptide) are not significantly different. This observation suggests deals with degeneracy and quasiequilibrium. In many cases, the
that empirical modeling of the variance might be successful. trajectories are highly degenerate. This phenomenon is easier
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to understand using an example. Consider a small moleculewe seek a minimum.
solvated in water. Our prime interest is in the trajectory of the
solute, while the solvent molecules provide electrostatic shield- 5 z 1 MxifZ,p—i_ Xi,p - infl,p_i_ du |?

ing, hydrogen bonding, van der Waals interaction, etc. for the = g A2 Xi_2p +
motion of the embedded molecule. U(X-Y X o)

In the study of the solute, we are less interested in the 1m2 W72, (15)
individual trajectories of the water molecules. In fact, it is keT

possible that similar trajectories of the solute will be found, .
while the individual trajectories of “labeled” water molecules ~ The functionalS can be also the target of direct global
will be quite different. For example, the solute does not care if Optimization, which is the approach we took in the study of C
a water molecule numb&bis hydrogen bonded to it or number ~ Peptide. This concludes the discussion on formulas used to
1500 is taking its place. As long as hydrogen bonding is calculate individual trajectories. Below, we consider the com-
provided the solute is happy. Obviously, the trajectories of putations of an ensemble.
molecules 55 and 1500 will be quite different in both cases. In  11.1.3. Theory of Ensemble of Trajectori€3ampling trajec-
that sense, the trajectories are degenerate. tories for thermodynamic and kinetic averages requires knowing
In principle, we could have calculated all of the quasidegen- in advance the weight of individual trajectories and perhaps also
erate trajectories, but the allowed range of errors is large andthe weights of the configurations. For example, in constant-
many similar trajectories (in the path of the solute) will be €nergy molecular dynamics trajectories, all the configurations
accepted. The large number of trajectories is a significant have exactly the same weights. Unfortunately, computing the
computational and analysis burden. It would be nice to sum up Weights of the trajectories is not always so simple. In our case,
trajectories similar in the solute pathway into one compact trajectories with large values dfei}L; must have smaller
computation. For that purpose, we suggest the use of anweights than trajectories in which the “errors” are 0. Some
approximation that is based on time scale separation. theoretical consideration must therefore be given to the weights
We can differentiate between the time scale that is required of the trajectories calculated with the SDE. The weight were
for the solute to “react” and the time scale in which the solvent, already mentioned and briefly discussed in refs 7 and 9. Here,
the water molecule, responds to the changes in the conformationwe provide a complete formalism with a few new twists.
of the solute. Here, we consider the case in which the response It is convenient to consider the probability for coordinates
is faster than the conformational transition of the solute. The instead of errors (we use the Gaussian form for the probability
assumption of slow solute seems appropriate for the system atdensity). The explicit form for the error distribution density
hand (folding of C peptide). makes the expression below more concrete. We further consider
If the response of the water molecules is much faster than a canonical ensemble. The canonical distribution implies that
the typical rate of the peptide motions, we argue that after eachthe weight of the starting configuratioXy, is determined by
time step,At, the water rapidly maintained an equilibrium the Boltzmann factor exp{E(X1)/(ksT)] where E(Xy) is total-
configuration (assumed canonical) near the “fixed” state of the energy. The weight density of a trajectory is
peptide. Hence, the weight of a water configuratiép, with a
given peptide configurationX,, follows from a Boltzmann WXy, -0 Xy) =
distribution, expf- U(Xw,Xp)/(keT)], whereX; is considered a Xy, - X))
vector of parameters. The individual weight of an error in the exp————
peptide coordinate is therefore modified frd®;) to E(X) K Test

U(Xi—Z,W’Xi—Z,p)] KT Xy, -0 XN
dx,_ - —oewTieRp Yexg - —————
S Z‘Wexp[ AN (14) JCI) e =

UXi—awXi—z,
f dXi_, w ex;{— Tp) For brevity, we define:

(16a)

P(eip) =

The above formula means that the error in the peptide exd — S
trajectory is averaged over all possible configurations of the Ke ot
solvent using thermal weights for water coordinates. Besides X .+ X — 92X
the ease of interpretation and the smaller number of plausible —1 i-2 ! -1
trajectories that are obtained, the computations are more ONIo24 AR dX,_,
efficient. To optimizeS we need to compute its derivatives
with respect to coordinates and therefore the derivatives. of INI?

Computing the Hessian matrix (the derivative of the force) KeTort = AL (16b)
is expensive for macromolecules since there are many elements

to compute and manipulate. In the least compressed form, the - here is a nasty normalization factor that is hard to compute,
number of elements in the matrix is proportional to the square

of the number of particles. The Boltzmann weight that is used Xy, - Xy)
for the water molecules eliminates the need to calculate elements N(Xy, Xy 1) = j‘( !—J ) expl —
of the second derivative for watewater interactions. This i=bN-1 Kg ot

reduces dramatically the computational cost.

The calculations of the folding of C peptide to be described This is a result of Lagrangian mechanics that we are trying to
in the application part employ the above time scale separationapproximate. In Lagrangian mechanics, only one trajectory starts
and an assumed Gaussian form for the error density of peptideand ends at the same coordinate with a predetermined total
trajectories. There, we define the following functional for which trajectory time. The integral over all paths guarantees the
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appropriate normalization. We need to compute this integral
(which depends oiX;, Xy, andt) to know the weight of each
trajectory.

This is an expression that is inconvenient for use in Monte
Carlo procedures or molecular dynamics simulation. In both
cases, we needed an effective enekgy, so we could compute
the Boltzmann factor or solve equations of motions. Attempting
to write eq 16a as a Boltzmann factor with an effective energy,
we have

WXy, ..., Xy) =
p[ E(X)  SXp - Xy)
ex —

kBT kBTeff
Hence, in order to compute the weight of a single trajectory,
we need to compute first the normalization function! While a

— log[N(X, X0]| (17)

Elber et al.
E(X) S
exp — —_—
- i= :---NNkBT kBTeff
W= (29)
EX) s

f(i=U.Nde) = _i=g-NN_kE=T B ke Test

This concludes the section on computations of weights of
trajectories, which makes it possible to compute averages over
trajectory properties. All the usual quantities are accessible to
statistical mechanics methods, such as the free energy perturba-
tion, rate calculations, and differences in rates of similar species.
As an example, consider the following reaction:—AB. To
compute the number of trajectories that started at A and made
it to B after timet, we consider the average of a product of two
box functions,Ha(X1) and Hg(Xy). The first box function is
equal to 1 ifX; is in the A domain and O elsewhere. Similarly,

feasible proposition for small molecular systems and systemsthe second box function is 1 whef is in the B domain and
with a few degrees of freedom, it is a discouraging result as a 0 elsewhere. If the trajectories are already sampled with the

starting point for computations in large molecular systems.
An alternative approach to obtain the weight of the trajectory
is to make the following argument. Up to now, we consider the
starting and the ending position as exact. It is not symmetric
and probably impractical to insist on high accuracy at the end
points while admitting considerable errors in the trajectory in
between. We might let the end points be loose, allowing for
errors at the end points in accord with the weighting function

we have. The errors at the starting point may lead to energy

variations. It is therefore useful to weight each trajectory by a
Boltzmann factor of its initial energy; at the limit of small time
step, the error will vanish and we shall obtain a sum of
trajectories weighed by their corresponding energies.

CE) S0 X

~ kBT kBTeff
W= (18)

E(X) Sy X)
dx — -
f(J'J:I.N ]) eX kT Kg Test

ex

which suggests that straightforward Monte Carlo or molecular

dynamics run can now be employed using as an effective energy

E(Xy) + (T/Ter) S(Xa,..., Xn). Relatively narrow basins (reflecting
the expected errors) neaf; and Xy must be used in the
computations.

We note that the trajectory we want to approximate is a

correct weight built in, for example, using molecular dynamics
with the effective energy as a potential, the fraction of
“successful” trajectories is easily calculated. It is

HaA(X)He(Xy)
k=LK

K

where K is the total number of sampled trajectories.

I1.2. Numerical Aspects.All the computations described in
the next paragraph were performed using the molecular dynam-
ics code MOILZ The graphic analysis was performed with the
visualization program MOIL-Viev#* Both programs are avail-
able free of charge on the Internet and are released with source
codes. MOIL is a package of separate FORTRAN programs to
perform molecular dynamics and modeling studies. One of these
programs is “sto”, which was used on the TERRA parallel
computer to perform the present calculation (see below).

In previous publicationonly small molecular systems were
investigated using the new methodology. In the next section,
we shall present folding trajectories of C peptide, a nontrivial
calculation that is also of considerable biological interest.

Itis useful to have an estimate of the computational resources
that are required in the study of such a large system. These
resources are indeed quite extensive. Let the number of particles
in the physical system bé&. The computational effort is
dominated by the calculation of energy. Let the number of
operations that are required for a single energy evaluation be a
function ofL, sayO(L). In normal circumstances, this function

constant-energy trajectory. The energy is independent of time grows faster thah and slower thah2. The exact rate depends
and can therefore be calculated at an arbitrary point along thegn the model at hand.

trajectory. It is not necessary to compute the energy only at the

initial coordinate; we could compute it anywhere! In particular,
we write

1
E(X) N Z E(X)
i=T.N

In straightforward molecular dynamics, we comphitsteps
as described in eq 2. The computational effort to generate a
trajectory of total timeNAt is thereforeNO(L). The protocol
described in the present manuscript is based on a minimization
algorithm of an effective energy. Once the neighborhood of the
optimum trajectory was located, sampling of trajectories near
the optimal path may follow. Hence, the estimate we provide
below is for maximum effort. It might be considerably easier

Writing the energy as an average over the trajectory doesto generate another trajectory after the optimum was located.

not change the result if the trajectory was solved exactly.

It is difficult to estimate how many steps are required to reach

However, in our case, it is not. Therefore, differences are an acceptable optimal trajectory. Clearly, the number of steps
expected between the results of the two formulations. The depends on the system at hand, the optimization protocol (e.g.,
average is more symmetric and leads to a computationally morethe use of multigrid techniques can profoundly enhance the
convenient formula as follows: speed of the optimizatidi?%), and the requirements of accuracy.
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If the goal of the computations is trajectory sampling (rather time
than an evaluation of a single trajectory), then a very accurate
minimization may be unnecessary.

Let the number of minimization steps that we useMyein
typical calculations, it is of order of several thousands. The
computational effort for a single optimization step of the
trajectory weight is proportional to (a) the number of intermedi-
ate structures and (b) the computational resources required for
a single energy evaluation. The derivatives ®fequire the
computations of the second derivatives of the potential, which
are more expensive than first derivative (force) calculations. In
practice (using cutoff distances for nonbonded interactions), the
matrix of second derivatives is sparse and the computational
efforts are only several times (say,times) more expensive
than the efforts associates with the evaluation of the usual
energy. As a result, the computational effort is proportional to !

MN'nO(L), whereN' is the number of grid points in the SDE processor 1
computation. The ratio of the computational efforts of the usual gjgyre 6. Schematic description of the communication setup in the

processor 3

i
|
|
|

processor 2

fe e ————————

MD approach and the SDE method is therefore parallel computations of the action of the trajectory. Processor 2 is
discussed in more detail. The dashed box enclosed the (three) structures

NO(L) N that processor 2 is allowed to change. The dotted line enclosed four

N'MnO(L) = N'Mn additional structures (two from processor 1 and two from processor

3), which are required to compute the time derivative. For accurate

. . L. computations of the derivatives, the structures are communicated after
The SDE approach is considerably less efficient than MD when gach modification of the coordinate sets. However, in principle, the

the same size of a time step its used (i.e., wNen N'). Only communication can be performed less frequently.
when the time step used in SDE is abaM times the step
used in MD does the SDE method becomes competitive. This 0 is the same as 2+ 16. Hence, the communication is done in
factor is expected to be (at least) in the thousands. The usualparallel as well, making the effort independent on the number
MD employs steps of femtoseconds, and therefore, SDE is of processors. The TERRA was used in the computations of
computationally justified only when the step used in SDE is the folding of C peptide, which will be described in the next
(at least) in the picosecond time domain. The time step that section. The speed up on a 16 node machine was essentially
was used in the SDE study for folding of C peptide is of 500 16. The computations described in the next section require about
ps. 1 month. A single new trajectory was computed in a day.
In the computations, we took advantage of extensive paral-
lelism. Since each structure is coupled (via the time derivative) ||1. Folding of C Peptide
to only four nearest structures, the communication overhead is
minimal. The parallelization protocol is described below.

We divide the sum that makes the functiodbetween the
processors; that is, fd? processors anhl structures, we have

The C peptide is a short fragment of ribonuclease A that was
the target of numerous investigations, primarily led by the
pioneering work of Baldwin and co-worket& Ribonuclease
Ais a robust folder and was used by Anfind&n his pioneering

S= 26'2 _ S = [ €2 study on d.eterminants of protein structures. The conformation
: p=Z,...P p=Z,...P i=ZNp : space available to the unfolded protein chain is very large. The
large space poses an intriguing question: what is the mechanism
N = N (20) in which the structure is formed?
=T p P One possible attempt to identify plausible folding pathways
is to search for nucleation sites. We loosely define nucleation

Each of the processors hbis “active” structures, which are  sites as fragments of the protein chain that have a significant
allowed to change. Since the computationssafequire three tendency to form a structure. The structure they fold into is
structres (to estimate the time derivative), each of the processorslso their final configuration in the (complete) folded protein.
needN, + 4 structures, of which onlyN, are modified in an The tendency of the nucleation sites to structure is assumed
optimization step. Processqr requires two structures from  stronger than the tendency of other potential fragments. Only
processop —1 (that onlyp — 1 is allowed to change) and two  after the nuclei are roughly folded, the process continues to the
structures from processgr+ 1 (Figure 6). final structure or to form larger “nuclei”. Minimal models of

In common parallel environments that employ MPI or PVM, nucleation are covered in the excellent paper by Guo &t al.
it is necessary to makePata transfers between the processors.  The best way of probing nuclei experimentally is via short-
As a result, the communication effort is proportional to the time spectroscopy, watching early events in the folding of the
number of processors. This communication overhead is soundcomplete protein chain. Direct observations of folding kinetics
since the computation time is dominated by the calculations of are beautiful (but difficult) experiments and were attempted in
the derivatives of the action. However, a better performance is the last few years for a few systerffsAnother approach is to
still possible. consider fragments of the protein chain and to examine if these

The TERRA 2000 superworkstation makes it possible to use fragments show significant tendency to structure. One of the
an extension to the MPI operation. In this extension, the first and the most comprehensively studied protein fragment is
processors communicate simultaneously with the nearby procesthe C peptide.
sors. For example, all cals—p — 1,p=1, ...,Pis asingle In the crystal structure, the C peptide (embedded in ribonu-
operation. Note that the machine is arranged inaring and 1 clease A) is a partial heli® NMR studies of the C peptide
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the extreme configurations using only 11 structures. The linear
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Figure 7. Initial unfolded configuration of C peptide (an extended annealing of the functional in formula 15. The “temperature”

chain) in the box of water that was used in the simulation. Periodic for the annealing protocol has little to do with the physical
boundary conditions are employed. temperature (300 K) and is reflecting more the estimate of the

errors. In the present investigation, we did not have information
suggest that its structure (without the rest of the protein) is a on the errors for a step of 500 ps. Moreover, at present, we
partial helix as well. The similarity of the structures of C peptide, Were interested in plausible optimized trajectories and we
with and without the rest of the protein chain, supports the therefore annealed the action many times. Hence, we find the
picture of a nucleation site. set of optimal trajectories. Ideally, the action for all these optimal

To the best of our knowledge, there are no direct experimental trajectories should have been 0. In practice, we were not able
measurements of the kinetics of C peptide folding. The to reduceSexactly to 0.
information available is on structure and stability of the original ~ The annealing temperature to optimievas set to 30 K
C peptide and variants. Nevertheless, extrapolating from ex- following some trial and errors searching for good optimization
perimental results on formation of helixes in other peptfes, conditions. The system witfifor a potential energy was cooled
it is likely that the folding rate of the C peptide is in the linearly to a “temperature” of 0. The cooling cycles consist of
submicrosecond time scale. Recent theoretical arguments alsal000 minimization steps. In about 30 cycles, the value of the
suggest time scales of tens of nanoseconds for helix form&tion. peptide action (i.e., not including the water potential energy)

We did not use a “native” form of the C peptide but employed Was reduced by 5 orders of magnitude to about 10. At that point,
instead a chemically modified variant with an enhanced helix We resort to cycles of simulated annealing runs of 1000 steps.
affinity. In accord with the observation of Baldwin et al., we At the end of each simulated annealing cycle, we obtain a new
used a chemical modification of the N terminal to succinate trajectory. A total of 31 trajectories of 16.5 ns each were used
acid that was shown (experimentally) to enhance the probability in the analysis described below.
of helix formation3® Hence, the sequence of the C peptide  In Figure 8, we show a typical schematic path of a trajectory
variant that we used is Suc-Ala-Glu-Thr-Ala-Ala-Ala-Lys-Phe- from an extended chain to a folded structure. The path suggests
Leu-Arg-Glu-His-Met-Asp-Ser. The modified peptide carries a that the structure is initiated at the edge of the chain. The start
total negative charge of 3. We therefore added to the systemof the structure at the edge of the peptide chain repeats in all
three sodium counter ions. The peptide and ions were embeddedhe annealed trajectories that we obtained. However, the
in a box of 1376 water molecules (box size of 5433 x 28 trajectories that we examined are still correlated since the
A3). The cutoff distances for nonbonded interactions were 9 A annealing cycles are not very long. As a result, we cannot
for van der Waals forces and 10 A for electrostatic interactions. eliminate the possibility that other nucleation sites were not
Periodic boundary conditions were used during room-temper- sampled during our limited exploration of trajectory space.
ature simulations. An interesting quantity to look at is the end-to-end distance

Here, we compute the kinetics of C peptide folding into a EED (the distance between the first and I&s}). The EED is
complete helix. The details of the computations are as follows. a possible measure for a “reaction coordinate” from the extended
We simulate the computations of an extended chain configu- chain (large EED) to the helix (smaller EED). In Figure 9, we
ration of the C peptide, using trajectories of 16.5 ns only. While show a projection of different folding trajectories onto the EED.
this time is probably too short, it provides some hints into the The projections of a significant number of trajectories suggest
mechanism of the process. Even if the time scale is of order of a “waiting state” in which the EED does not change appreciably
100 ns, it is possible that some room-temperature trajectoriesfor a considerable length of time (a few nanoseconds). Hence,
will fold at the 10 ns time scale. Obviously, in our simulations using the EED, it is possible to identify an “intermediate” along
the C peptide “succeeds” to fold during this short time (because this reaction coordinate that lives for a substantial length of time.
we forced it to). The time step was 500 ps, and 34 structures In Figure 10, we show one of the structures from the ensemble
were used on the 16 processors of the Terra computer. Hencethat makes this intermediate. The conformation is that of a partial
there are two “active” structures on each processor. The first helix. This is in accord with the X-ray structure and the NMR
and last structures are fixed and were added to the first and lastdata for the equilibrium structure, which is a partial helix as
processor. well.

The starting unfolded conformation was taken as an extended It must be emphasized that the state of a partial helix is not
chain equilibrated in a box of water (Figure 7). The final a single structure. Instead, it is a collection of many conforma-
conformation was built as an ideathelix. The ideal helix was  tions in which only a part of the helix is formed correctly. While
minimized and equilibrated in the same box of water. The we found more structures in which the helix is forming from
original path was obtained from a straight-line interpolation of the edge, there are numerous exceptions to this rule, and it is
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Figure 8. Set of backbone structures following a typical folding
trajectory.

also possible to find (infrequent) structures in which a partial
helix is observed at the middle of the chain.
The ability to identify a relevant intermediate is perhaps
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Figure 9. Summary of the end-to-end distance computations for the
31 trajectories. The distances are recorded as a function of the structure
index. The total trajectory length was 16.5 ns. The triangles correspond
to the distances of the initial path (before the action optimization) and
are provided to demonstrate the significant changes that occur in the
trajectory during the simulated annealing. Approximately from structure
18 to structure 30, the configurations can be defined as partial loose
helixes. The structures are not the same, but they maintain a significant
fraction of and resemblance to a helix.

Figure 10. A snapshot of a partial helix from the thermodynamic
intermediate state of a “partial helix”. We emphasize that the intermedi-
ate cannot be identified as a single structure but instead consists of a
large number of conformations that maintain some degree of similarity
to a helical conformation.

another intriguing property of the SDE approach. The two end
points (the extended chain and the “ideal” helix) were probably
not stable states. Energetically and entropically, the extended
chain conformation is not favorable. The ideal helix might be
favorable energetically, but entropy is against it. According to
experimental dat& the partial helix is the most stable state.
The SDE approach forces the system to start and end in different
configurations. However, if the thermodynamically most stable
set of configurations does not include one of the end coordinate
sets, the “chain” of structures (the trajectory) will seek a better
state to be in and will aggregate in a thermodynamically more
favorable domain of the energy surface (Figure 11).

To probe the suggestion that the partial helix is indeed the
most stable conformation of the C peptide, we also performed
a straightforward molecular dynamics trajectory of C peptide.
The trajectory was performed in an identical box of water
molecules and was of 2 ns. The final structure of the molecular
dynamics simulation is shown in Figure 12. It is clearly seen
that the picture of a stable partial helix was obtained in the
molecular dynamics simulations as well. This supports the
notion that the “intermediate” that we observe in the simulation
of C peptide is the most stable thermodynamic state in accord
with available experimental dafé.
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Stable intermediate

Ending

Starting conformation

conformation

Figure 11. Schematic drawing of aggregation of the trajectory in a
thermodynamically stable state, which in our case is the partial helix.

Figure 13. Structures from different trajectories ((a) and (b)) suggesting
that the backbone is about the same (snapshots at the same trajectory
time) but the side chains are widely different. The structures were picked
at the early beginning of the folding process in which the chain is
extended. Nevertheless, a small nucleation site at the edge of the chain
is already recognized, and the side chains adopt widely different
conformations.

how an ensemble of trajectories can be computed and how time
scale separation and adiabatic approximation might be built into
Figure 12. Stable structure of C peptide as suggested by the molecular the same approach. Finally, we studied a problem of biophysical
dynamics simulations. interest, the folding of C peptide, and we demonstrated (in
) _ . accord with experiment and straightforward molecular dynamics
Another feature that we can extract from the simulation is  gjmations) that the most stable structure of the C peptide is
the relative flexibility of the side chains and the backbone. We ¢ 5 hartial helix. The identification of the most stable structure
examine snap shots in time of different trajectories (Figure 13). |\ o< done without assuming it to be at the end points, suggesting
While the backbone structures vary approximately in the Same 5gther test and a useful aspect of the stochastic difference
rate in all the trajectories (suggesting relatively narrow and stiff equation. Further work on yet larger systems and at yet longer

pathway), the Sid? chain po.sition.s are significantly less cor- times is possible and is being carried out in the authors’
related between different trajectories. laboratory.

The observation of more rapid and broader fluctuations of
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