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Abstract

The Symmetric Group Approach (SGA) is used to derive formulas for the
Hamiltonian matrix elements between perturbatively generated, highly contracted
Configuration State Functions (CSF). The first order Mgller—Plesset, Epstein—
Nesbet and Krylov corrections are examples of such CSFs. They have been
recently employed within the Superdirect Configuration Interaction (Sup-CI)
method, which combines the efficiency and simplicity of the Many Body Pertur-
bation Theory (MBPT) with the robustness of variational methods. The linear
Sup-CI expansion in terms of such perturbative correction functions leads to
a problem of efficient evaluation of matrix elements of the third power of the
Hamiltonian in the usual CSFs. Using SGA and previously developed algebra
of unitary group generators and circular operators one may express such ma-
trix elements, similarly to MBPT, in terms of sums of products of two-electron
integrals. Maple code enhancing greatly the algebraic manipulations has been
developed and is available upon request. All the main steps in the derivation are

discussed and the formulas are given in a compact form.



1 Introduction

The impressive development of the electronic structure methodology accompanied by
the constant improvement of computer facilities has recently brought such achieve-
ments as the highly correlated ab initio study of the bacterial photosynthetic reaction
center [1]. Reliable and simple enough approximations are required for routine treat-
ment of systems of this size and complexity.

Efficient combinations of standard approaches, namely Configuration Interaction
(CI), Perturbation Theory (PT) and Coupled Cluster (CC) method, proved to be
especially useful when dealing with large systems. CAS-PT2 method [2] for instance
starts from CI in a Complete Active Space space and then adds multireference per-
turbative corrections, whereas the Symmetry Adapted Cluster CI (SAC-CI) [3] is
essentially CC approach formulated in the configurational space, allowing for the
perturbative selection of configurations.

A new efficient scheme combining CI and many-body perturbation theory have
been proposed recently, under the name Superdirect Configuration Interaction (Sup-
CI) method [4]. As it is well known, the CI wavefunction is expressed in the form of a
linear combination of N—electron functions, so—called Configuration State Functions
(CSF's) [5]. This conceptually simple method of describing the electron correlation in
practice has very serious limitations, associated with the slow convergence and thus
the length of the CI expansion. Sup-CI method, following various forms of contracted
CI [6], employs another possibility: projection into relatively small number of N-
particle functions constructed as linear combination of CSFs, such as perturbatively
generated Krylov or Nesbet correction vectors used in diagonalization methods [7].

Since the Hamilton operator contains one and two-body interactions only it should
be possible to reduce the N-particle problem to the 2-particle equations. The direct
CI method proposed by Roos [8] was the first step in this direction, getting rid of the

N-particle matrix elements but leaving the coefficients of the N-particle CSFs. In the



Sup-CI approach one avoids construction of both the Hamiltonian matrix and the
eigenvector, obtaining the energies and other properties from equations formulated
directly at the 2-particle level.

Computing Hamiltonian matrix elements in highly contracted CSFs, arising as a
result of acting with the Hamiltonian operator on some zeroth order approximation
1) = H|0), is not a trivial task however. Matrix elements of the third power of the
Hamiltonian (0| H3|0) have to be considered and reduced to the 2-particle level. The
reference functions |0) are assumed to be of an arbitrary open shell type. In a similar
effort Bendazzoli et. al. [9] developed the Fast CI method, which is a predecessor
of the Sup-ClI, for a limited case of several singlet open shell functions and they had
to consider as many as 63 MBPT diagrams. For an arbitrary reference functions the
problem is certainly more complex.

The Symmetric Group Approach (SGA) was previously used to derive formulas
for the Hamiltonian matrix elements in the classical and direct CI [10]. It was later
generalized [11] to provide matrix elements for the second power of the Hamiltonian,
corresponding to the second order perturbation theory. Similar technique is employed
now for the third power.

The spin and orbital subspaces or equivalently the spin and orbital parts of CSF's
are treated separately in SGA. The non-relativistic Hamiltonians are spin free and
they are also invariant with respect to the permutations of electron coordinates.
Thus, the spin CSFs may be classified according to irreducible representations of
the symmetric group and efficient group theory techniques may be used to compute
the spin integrals taking the form of symmetric group representation matrices in
expressions for the Hamiltonian matrix elements.

Products of unitary group generators [10], so called replacement operators E’ij oc-
cur in turn in the orbital integrals, due to a second quantization form of the Hamilto-
nian expressed in terms of two-electron integrals and EZ] They effectively define the

the corresponding spin integrals to be calculated. In case of usual CI matrix elements



it is enough to consider only products of two replacement operators. Chains of up to
six unitary group generators have to be considered, however, in case of (O|I—if 310).

The tedious algebraic manipulations and many terms that arise would be very
difficult to handle. Therefore automatization of algebraic operations is mandatory.
MapleV package for symbolic algebra is employed to derive the formulas presented
here. Some of our Maple functions e.g. those dealing with the algebra of unitary
group generators are of general use and are available upon request.

The paper is organized as follows. In the next section the SGA approach and
Sup-CI method are briefly revisited. Then the derivation of the most complex matrix
elements is discussed, with all the main logical steps highlighted. Due to the large
number of terms it is impossible to present the final formulas in the explicit form.
The readers are referred to the original work, which is available through Internet [12].

In the last section some conclusions and remarks on future development are included.

2 Theory

Sup-CI ansatz

In the externally contracted CI method [6] all CSFs sharing the same internal orbitals
are contracted, using perturbation theory, into one contracted CSF (CCSF) in order
to reduce the number of variational parameters. In Sup-ClI [4] contractions are formed
in a similar way, but disregarding internal-external division of orbitals:

Wswpor) = > Cri [CCSFry)
I

|CCSFrx) = Ri|®r) = Clofh) (1)

ijab
The index k£ numbers different types of resolvent operators Rk used to generate dif-
ferent trial functions. Since most chemical processes require multireference treatment
the superdirect CI approach within a multireference scheme is used and |®;) denote

reference functions. The Schrodinger equation H|W) = ES|V) is projected into the



space of |CCSF ) and coefficients Cy, are Sup-Cl variational parameters, whereas

ab
Cij;k

= <<I>‘}gj|f2k|q)1> are fixed using perturbation arguments. However, contrary
to externally contracted CI, the contraction coefficients are not evaluated explicitly.
They are instead implicitly taken into account while reducing the expressions for
matrix elements to one-particle level. This is where both the difficulty and the key
to efficiency lay [13].

The Mgller-Plesset resolvent Rj; leads for instance to the following first order

correction vector with respect to some zeroth-order solution |0)
|CCSFo) = Rar|0) = (Ho — Eo) 'QoH|0) (2)

Other correction vectors, like Krylov or Nesbet, are different only in the denominators
and imply the same structure of the matrix elements formulae. Therefore, we shall call
“diagonal” even those matrix elements that have been generated by different resolvent

operators but with respect to a common reference e.g. <CCSF0,M|I:I|CCSF0,K>.

Symmetric group approach to CI methods

Formal developments due to Duch and Karwowski within SGA [10], used previously
for efficient implementations of direct CI algorithms, may also provide a tool for
deriving the MBPT-like formulas for the matrix elements between contracted func-
tions, appearing in the superdirect CI approach [11]. We shall briefly recall the basic
principles of the SGA — the readers are referred to original works [10] for details.
The non-relativistic spin-free electronic Hamiltonian may be represented in the

finite Hilbert space H'V in the following form [10]

k k

B S 1 y P A

H=> (ilj)Eij; + 3 > (kD) (EijEy — 66 Eq) (3)
T ikl

with summation indices 4, j referring to orthonormal orbitals {|¢;)}¥_;. The one- and

two-electron integrals are defined as follows

(il) = (6D (DIg;(1));  (iflkD) = (i(1)(dk(2)|ha(1,2)|d1(2)) ] d5(1))  (4)



The operators Ey = YN |6(i))(¢1(i)| are known to be generators of the unitary
group U (k) and are also called the replacement operators since they replace |¢;) by
|¢x) when acting on a product of orbitals. In terms of the usual annihilation and

at

creation operators they are defined as Eij = Y 0,0, and satisfy the following

commutation rule

[Bij, Eya] = O B — 0uF; (5)

Since all kinds of spin operators commute with spin free H the configuration
state functions are chosen to be spin adapted linear combinations of a number of
Slater determinants [5]. The CSFs will be denoted as |\; SM, 1) with A standing for
an orbital configuration. The index [ = 1,... f(S, sy), depending on the number of
singly occupied orbitals sy in A, distinguishes independent eigenfunctions of 52 and
S, belonging to the same values of S and M, respectively [10].

The SGA specific step consists in construction of separate N-particle orbital and
spin spaces before the antisymmetrization is performed [10]. It results in N-electron

CSFs of the form
X SM. 1) = E\A [ [N)|SM, 1) ] (6)

where |SM,1) € HY is the pure spin function being an eigenfunction of 52 and S,
and |)) is a spin independent orbital function corresponding to the configuration \.
A stands for antisymmetrizer operator and £, is the normalization constant. With
each orbital configuration A there is a vector of associated spin functions |[SM), with
the components |SM, 1), I =1,... f(S,s)).

Since the 52 and 5. operators are symmetric in the coordinates of the electrons
they commute with an arbitrary permutation i.e. for each P € Sy the new function
P|SM, 1) is an eigenfunction of $? and S, with unchanged eigenvalues S(S + 1) and
M. More precisely, the spin functions belonging to a pair of S, M (S > |M|) quantum
numbers form a basis for an irreducible representation of the symmetric group Sy

with the associated (M independent) matrix representation i.e. the set of matrices



{UY(P); P e Sn} where
UY (P)y = o(P)(SM, k|P|SM,1) k,l=1,...f(S,N) (7)

Due to the separation of the spin and orbital parts in the CSF's one may perform
separate integration over spin and orbital variables in the resulting Hamiltonian ma-
trix elements. As a straightforward generalization of the previous result [10] one
gets the following expression for the matrix elements of the Hamiltonian powers in
the matrix block notation for £ = 1,...f = f(5,s)) spin components of A and

I=1,...9 = f(S,s,) components of ;1

HP

Dy = 27 DN DL [UY (Py))f9 (P HP | ) ®)
q

where the summation runs over distinct double cosets IIyP,II, (IIy means a group
generated by transpositions within d) doubly occupied orbitals of A) of the dimensions
D?\#, generated by P, . The permutations acting on the electron coordinates in the
orbital integrals are replaced by their hermitian conjugate i.e. the same permutations
but acting on the orbital indices. The full representation matrices are replaced by the
small rectangular blocks [UY (P,)]/9 defined by the sets of singly occupied orbitals
in |A) and |u), respectively. As have been proved by Kotani et. al. [14] further (and
essential) simplification is possible since all [UY (P,)]/ blocks may be reduced to U
matrices, corresponding to appropriate permutations of singles only.

Matrix elements of the Hamiltonian powers (8) are in general sums of a number
of terms YWNW = ~(1)[UY (P,)]/9(P,\|T|p), where v(Y) is an appropriate product
of one- or two-electron integrals associated with a chain (product) of replacement
operators Y occurring in Hz(’A)(u) e.g. Yepghopg = Eengh . --qu. A given TW(®)
is not equal to zero only if the occupation schemes (i.e. assignment of electrons
to orbitals) of |\) and Y|u) are the same. From the practical point of view it is
crucial that only at most one of the permutations F,, called line-up permutation,

leads to complete coincidence between |P,\) and each non-vanishing chain Y|u) and,



subsequently, to an orbital integral (P;A|T|y) = 1 and the corresponding spin integral
[UY(P,)]79. Several very efficient and suitable procedures for evaluating the matrices

of the symmetric group representations have been proposed [10].

Circular operators and spin integrals

We have to learn first how to generate the non-vanishing chains of replacement op-
erators. The most difficult is diagonal case with |[A) = |u). The non-diagonal matrix
elements can be reduced to diagonal ones with smaller number of free indices [12].
Let |0) denote the total, orbital or spin N-electron function (or their set [SM)g)

depending on the context. Using such simplified notation one may write
(0| HP[0) = Z’Y )OIP(T Z’Y ) > {0IP(E(T))[0) (9)
£(7)

where all the numerical factors are absorbed either in 4 or in the spin integrals
(0|P(Y)|0) which are square representation matrices [UZ(P)]// in this case. The
chains leading to orbital integrals equal to zero are excluded from summation ) v and
those for non-vanishing integrals define a permutation P(T) such that (P(Y)0|Y0) =
1. The second sum runs over a set of the so-called circular operators [11] arising from

a given chain T and denoted as £(T). Circular operators are chains of the form

gefh---mne = Teffh---mnne = EA‘efth o EmnFne (10)

where the subsequent orbitals we excite from are the same as those we excite to in the
nearest right hand side neighbor, regarding the first and the last index as neighbors.

The summation over distinct, non-vanishing chains in eq. (9) may be indeed
expressed as a sum over circular operators only. If T is to give a non-zero contribution
it cannot change the occupation of any orbital in |0) i.e. each index m must appear
2i times in T, 7 times as left index E,,, and ¢ times as right one E,,,. Commuting the
replacement operators one may end up with the circular chain and then subsequently

permute to the circular form the additional terms that may appear by applying



the commutation rule (5). This will be our general strategy: to specify all non-
vanishing chains of operators in the orbital integral and transform them to sums of
circular chains, having the advantage of very simple structure of the corresponding
permutation and spin integral.

From now on, we shall distinguish the occupation of orbitals by the respective
Latin letters: arbitrary indices with occupations n, = 0,1,2 will be denoted as
e, f,g,h,m,n,p,q, unoccupied indices (n, = 0) as a,b, ¢, d, singly occupied indices
(ny = 1) as s,t,u,w,y,z and doubly occupied ones (n, = 2) as 4,7, k,l. We shall
further divide the set of arbitrarily occupied indices into two subsets: those we may
excite from (n, = 2,1) e, f,m,n and those we may excite to (n, = 1,0) g, h,p,q. An
unspecified index will be denoted by r and p will stand for a set of such indices.

One may demonstrate [11] that all the unoccupied indices may be eliminated from
the diagonal matrix elements of the circular chains. Moreover, contributions of doubly
occupied orbitals are very simple. As a result the only non-trivial spin integrals will
appear when considering matrix elements of chains £g...; involving singly occupied
orbitals only, for which the related permutations are easy to find. Consider for
example Eg¢ acting on the orbital product |ts) - -+ |¢¢). The result is equivalent to
action of the 1 + (s,t¢) operator, where (s,t) denotes the transposition of s-th and
t-th orbitals [11]. For longer chains we simply have Egus = (14 (s,1)) (14 (s,u)) ete.

Thus, the spin integrals (0| P(Est...s)|0) may be, without any ambiguity, denoted

as (0|&st...s|0) with |0) standing for a set of spin functions. In general

(O0[Estu-ws|0) = (L+ (s, 8)) (1 + (s,u)) - - (1 + (s, w)) (11)

i.e. diagonal elements of the circular operators may be reduced to products of basic
integrals (s,t) = (0|(s,t)|0), corresponding to the transpositions of spins with num-
bers s and ¢t. They are equal to &1 in the determinantal basis. In case of spin adapted
basis they are appropriate representation matrices of the transpositions (s, t) and are

easily calculated from the branching diagram [10].



3 Algorithm and formulae

We are ready now to reduce matrix elements, occurring in the multireference third
order Sup-CI method, to sums of products of one- and two-electron integrals and
proper spin coupling constants (spin integrals). We shall explicitly consider only the
most complicated case, namely the diagonal elements of the type

(O[R1H Ro|0) = > >~ di(L)do(K)(0| H|L){L| H|K)(K|H|0) (12)

L#0 K#0

where |0) is an arbitrary open shell function and Ry, Ry are different operators
generating perturbative corrections with the corresponding denominators di, d2. The
CSFs L, K are at most doubly excited with respect to |0) and with respect to each
other. Notice that Mgller—Plesset corrections Rl, Rg = RM lead to the core of Ej
MBPT formula.

The most complicated term in expression (12) is associated with intermediate
doubles K, L € Dy; K € Dy, (Dk stands for a set of all CSFs that are doubly excited
with respect to K). It may be written as

S1= 30 303 Do dy M OB ) (L BN (21 B8 (o) (13)
m<np<qe<lfg<h
where Bgf 9" denotes the part of the Hamiltonian connecting states differing on two

orbitals, c.g. reference function and double excitation with respect to it (0| BS/ gh|g?>
Cten o .
B5T9" = 970¢%n (eg| fh) BegEign + (1~ 0ef) (1 — 0gn) (ehl f9) Eenbiyy  (14)

One may similarly extract from the definition of the Hamiltonian those terms which
do not vanish between CSFs differing by only one orbital index B{Y or having all

orbital indices in common By [10].

Contractions

The computational complexity of the third order formulas scales as n%, where n

is the size of basis set. It is clear that summation over doubles \g?) of eq. (13)

10



cannot be completely unrestricted, since they are also doubles with respect to the
first intermediate double L = |[P2 ). Only two of indices e, f, g, h may differ from
the indices m,n,p,q. This gives six possible contractions of eight orbital indices,
reducing the sums to 6-fold only and defining four non-specified indices p in (13). If
for instance e = m, f = n then p = p,q, g, h. Exchanging summation indices such
that the free ones are always denoted as e, g we may gather four contraction schemes
together and using 5;7m =1—d;mn we get

S1 = Z Zdinnpq(mégmpq { Z dgmghégqghéghmn—l—
m<np<q g<h

+ Z dgfmn Bgfmn ngef + Z Z [ dgwpg qung ngme + 5;m dgnpg ngmg Eggen +
e<f e g

’ ’

+8,, dPIIBIPmIBIE 55 dSTIIBIPMIBITM | Y |0) (15)

Notice that the intermediate states may be dropped in the above expression, since for
example (O[B4 By |1 ) — (0| By P BT p,) — (0] By [ps, ) (8e, | B\ ).

Constraints for the subsequent summations in the first and second sum of S1 are
obvious: the second pair of orbitals is taken from an appropriate subset of orbitals
with first pair excluded etc. Sum over 3-, 3~/ is associated with up to four different
categories of right hand side intermediate configurations K and, except for common
e # g, there are different constraints associated with each category. For instance
P9 € DyN Dr implies that e # p, g # m and e # n, g # ¢, respectively. Thus,
there are further contractions implicitly generated by each such term with e and/or
g equal to some still not excluded indices of the first intermediate double.

It should be also kept in mind that by different contraction schemes we mean
distinct categories of relative doubles K € Dy, generating distinct summation patterns
and chains of unitary group generators. If for instance m = n, then [P9.) and |29) of
the third S1 summation become equivalent and only one summation -, with the
chain By""™PBST9 B has to be considered (if m # n two separate sums arise,

namely 3., and }°,_,, associated with BymPIReand Bhame and ByrPa BSam paer.
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respectively). The same concerns terms with p = ¢ and this is why only some chains
related to K survive in (15), depending on the structure of L.

The complete expression for (0| Ry H R2|0) with contributions of the intermediate
singles and all the general contraction schemes is given in Table 1. According to
our strategy, as specified by the equation (9), we shall now expand explicitly all the

chains of operators to transform them to circular form.

Chains and spin integrals

As the first step all possible repetitions of indices or, in other words, all the implicitly
included contraction schemes should be extracted. They occur due to summations
over pairs (e.g. >_,,<,), as we may promote two electrons from or to a given orbital,
and due to the presence of singly occupied indices resulting in excitation from and
to singly occupied orbitals. Next, one may apply commutation rule (5) to transform
products of E,, into circular form.

As some of the partial summations may still extend over different sets of orbitals
e.g. e being doubly or singly occupied, all the possible occupation schemes have to be
explicitly distinguished. For each occupation pattern the unoccupied and effectively
also doubly occupied indices are then removed and spin integrals corresponding to
circular operators involving single indices only may be calculated. Unfortunately,
it also means that the general summations, as those of S1, break into a number of
partial summations that are associated with distinct occupation patterns.

For each summations over pairs of indices we get two sums with different chains
of indices involving e.g. m < n and m = n, respectively. Thus, the first S1 sum
Dom<n 2op<q 2ug<h generates eight partial sums with the distinct chains of opera-
tors. In one extreme case m = n, p = ¢, ¢ = h and the associated integral
<0|EmpEmpEngngnggm|O> takes a simple numerical form, as it involves only
doubly occupied n,, = 2 and unoccupied n, = n, = 0 indices and we may use

Empgm|0) = Emm|0) = np,. In another extreme case, with all the indices of three

12



summation pairs different, we have as many as 27 possible occupation patterns be-

cause for each pair there are three possibilities:
m, n—(2,2); (2,1); (L5 p g g, h—(1,1); (1,0); (0,00  (16)

where (2,1) for instance means a pair with one doubly and one singly occupied
index. The corresponding partial sums run over the respective subsets of all indices.
The most complicated is the occupation pattern with all the indices singly occupied
(1,1)(1,1)(1, 1) which is taken into account through the partial sum >, >=, <, 2oy <»
(for a fixed s,t the second sum runs over pairs u < w with s,¢ excluded etc.) and
leads to circular chains involving up to 7 indices (i.e. to products of up to 5 basic
spin integrals (s, t)) e.g. (O|quE’anngthnghn|O) leads to (Eswztuys — Eswzuys) -
The total number of partial summations is equal to 64: 27 for all indices different
(only these sums are 6-fold), 9 for each pair of equal indices and all the remaining
being different e.g. m =n, p < ¢q, g < h (3-9 = 27), 3 for each two pairs of equal
indices (3-3 =9) and 1 term for all three pairs collapsing to a single index.

Similarly one gets 64 partial summations extracted from the second general con-
traction scheme in the expression (15), namely >, <, 2 p<q 2e<f- Some contractions
lead however to equivalent sums and may be gathered together with appropriate
chains of the first general contraction scheme. For instance, if all indices are singly
occupied we again get sum > ;D < Doy, associated with the intermediate dou-
bles L = [4), K = [4¥). Previously it was related to L = [{*), K = [Jf) and to
different chains of replacement operators. Therefore, including terms corresponding
to previously occurring patterns in the first general sum of eq. (15), we actually
obtain only 18 6-fold, 21 5-fold, 8 4-fold and one 3-fold sum i.e. 48 new sums.

The third contraction scheme >, -, > <, > . >, is more complicated, since in-
dices e and g belong to two different sets: those we may excite from and those we
may excite to, respectively. As we have seen, each of up to four chains entails slightly

different summation imposing different restrictions on e and ¢ indices. Taking prod-
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uct of summation ranges due to these constraints i.e. assuming that e # g and both
e and g are not equal to any other summation index, we may exclude for a moment
additional possible repetitions getting common sums for all the four chains. This
leads again to 64 partial summations. When m < n, p < ¢ the 6-fold sums arise
and the possible occupations schemes for e and g, namely (2,0); (2,1); (1,0); (1,1),
together with those of m,n and p, ¢ pairs, as defined in eq. (16), generate 36 partial
summations. For m = n, p < g and m < n, p = g one gets 12 summations in each case
and for m = n, p = ¢ there are 4 summations. All the occupation patterns except for
(2,0) were included already previously, thus we actually have only 9 6-fold, 6 5-fold
and 1 4-fold new partial summations. Since e and g belong to different categories
of indices the summation pattern (1,1) is associated with a sum 3>, 3" ., and not
>_y<»- Thus, adding such terms to previous partial summation of this type, we have

to also perform summation }_, ., over them. The so far obtained 192 different terms

y>z
(with up to four chains of operators) may be rearranged to form 128 different partial
sums, 54 among them being 6-fold, 54 5-fold, 18 4-fold and 2 3-fold.

As noted previously, even if e = n the intermediate doubles P2 ) and [99) = |9%)
are doubly excited with respect to each other (implying in this case n, =2, n # m)
and we have to consider terms with e and /or g equal to another index of the pair they
belong in. There are 16 such terms and they are displayed as a second group of special
S1 contractions in Table 2. Distinguishing explicitly all the possible occupation
patterns one is lead to 93 different chains gathered within 24 5-fold and 12 4-fold
partial summations with up to four chains associated with each of them. The chains
corresponding to 12 5-fold and 8 4-fold summation patterns that already occurred
may be rearranged, leaving only 16 new partial sums.

Other possible repetitions arise due to electrons promoted both from and to singly
occupied orbitals. The intermediate doubles [P4 ) and |24) are doubly excited with
respect to each other and e # m, g # p. Within a given configuration the indices we

excite from must be different from those we excite to e.g. g # e,q # n. In the open
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shell case, however, further repetitions are still possible, e,p = s and/or g,m = t.
For example |59 ) and |97) are still relative doubles. Using decoupled summation con-
vention »5,, o, 3730 o>, (i.e. gathering the terms related to >, <, >0, >, and
D m<n 2os<q 2g) We get 13 such terms - see the last group of special S1 contractions
in Table 2. The possible occupation patterns lead to 72 different chains that may
be gathered in 24 5-fold and 18 4-fold and 2 3-fold partial summations with up to
two chains of operators. They are rather short as they involve at least one singly
occupied index, but it may still be worth to collect together chains associated with
12 5-fold and 4 4-fold sums already considered.

The total number of terms arising from S1 is large. There are 272 = 192 + 80
partial summations, each associated with up to four different replacement operator
chains. As we have seen, they may be rearranged in 172 = 128 + 44 distinct partial
sums (54 among them being 6-fold) with a larger number of different chains. Notice
that chains considered on this level become in fact sums of a number of circular chains
(i.e. spin integrals), once we transform them to this form. Certainly, all the partial
summations considered here run over subsets of all indices only and, moreover, they
may be divided into groups with a particular structure (out of 16 possible) of the left
intermediate double P4 ) in common. As can be seen from Table 1 the inclusion of
singles does not bring many terms (there are few implicit contractions due to possible
repetitions of indices) and they are certainly of a lower complexity.

In practice all the terms are generated by proper Maple functions that apply rules
derived from the above analysis to deal with contractions and summation patterns.
This is also the reason for very compact and computer oriented notation, employed
in Tables 1 and 2. To obtain circular form of chains via commutations rules (5) other
Maple functions dealing with the algebra of the unitary group generators are used.
Substituting the definitions of all quantities involved, one gets an expression in terms
of sums over orbital indices with some products of appropriate denominators, one-

and two-electron integrals and representation matrices (spin integrals). More explicit
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formulas for the diagonal matrix elements (12), are given in ref. [12].

4 Discussion

The separation of spin and orbital spaces in SGA is an important advantage, resulting
in CSFs defined in terms of orbitals only and spin coupling constants depending on
the relative structure of bra and ket functions. Simplicity of the underlaying algebra,
enabling the use of MapleV symbolic algebra package, is crucial while considering
matrix elements of the third power of the Hamiltonian. In order to evaluate spin in-
tegrals it is necessary to distinguish possible occupation patterns for the summation
indices, with different subsets of singly occupied ones. As the number of open shells
is not restricted, there are many different cases that have to be explicitly considered.
Certainly, one may significantly reduce complexity of the problem, limiting the num-
ber of open shells. Some constraints seem to be necessary while going to higher order
Sup-CI method, with second order perturbative corrections.

Complex structure of some spin integrals is another problem related to the effi-
ciency of matrix elements evaluation. As shown in the previous section, in case of all
indices being singly occupied the spin integrals are products of up to 5 basic represen-
tation matrices (s, t), which could mean significant numerical burden. Fortunately, in
practice the subset of singly occupied orbitals in a given reference function is rarely
large enough to make the sum over three pairs of singly occupied indices long.

As shown in ref. [12] one may factorize long chains of replacement operators and
the corresponding summations by means of various conveniently chosen intermediate
states, such that products of shorter chains, corresponding to products of up to 3
basic integrals (s,t) may be considered. This step has not yet been implemented in
our Maple code and the final formula presented in [12] is given on the level where both
strategies can be applied: either simple deconvolution of all compressed expressions

or factorization of some terms. The latter imposes additional logics on the structure
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of the loops and whether it is more effective would depend on the actual architecture.

The derivation of non-diagonal elements, defined by |0) # |0'), is also presented
in ref. [12]. In the non-diagonal case the complexity of the evaluation of matrix
elements is certainly lower and it depends on the relative structure of |0) and [0').
The formula for the diagonal matrix elements of the second order type i.e. (0]R1R2|0)
(equivalent to Hyg, o and overlap Sor, r,0) has been previously derived by Duch [11].

Concerning the efficiency of the algorithm proposed here it is worth stressing
that, in contrast to MR-CISD methods, it is not an iterative method and there
is no need to repeat the n® summation in each iteration. Secondly, although the
general loop is broken into subsums over different subsets of indices (corresponding
to a number of third order diagrams in MBPT language) it may then be again
reorganized, so that the number of numerical operations is minimized. For instance,
if we gather together all the terms with a given structure of a left intermediate double,
the multiplications by two-electron integrals associated with it are not repeated.
Furthermore, parallelization of the matrix elements evaluation is quite natural. Once
the matrix elements are calculated solving small eigenvalue problem is trivial.

In this paper we have described Symmetric Group Approach based algorithm
for evaluation of the third order type formulas for the Hamiltonian matrix elements
in the basis of highly contracted, perturbatively generated CSFs. Such first order
perturbative corrections have been employed within recently developed Superdirect
Configuration Interaction method. The Sup-Cl method may be viewed as the next
logical step from classical CI through direct CI to complete reduction of equations to
the single-particle level, leading to a non-iterative approximation to the MR-~-CISD

without storage of very long eigenvectors.
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Appendix

Expressions in Tables 1 and 2 are automatically generated by means of the symbolic
algebra program, written in the Maple language, and they employ a compact sum-
mation convention. According to this convention all sums are associated with the
ordered orbital indices occurring as arguments of the denominators functions df, df
generated by left and right intermediate configurations, respectively (p stands for two
or four orbital indices for singly or doubly excited configurations, respectively). For

example

R D) DY AT (17)
m p

dyrds™ e TSNS ayragth (18)

m p e<f h

d;nnpngqu AN Z Z Z drlnnpngqu ... (19)

m<np<qe<f

A YYD (20)

m<np<q € ¢

The general rule is clearly visible from the above examples. Constraints imposed on
the subsequent summations (allowing or not some repetitions among the summation
indices for instance) depend on the relative structure of the intermediate configura-
tions that we sum over i.e. they are uniquely defined by the associated chains of Ef
operators (denoted as bf) connecting configurations differing by two (b%), one (bf) or
none (b)) orbital indices.

As an example, the second term of the first row in Table 2 will be given in an

explicit form (note that there are no implicit repetitions of indices on this level):
dlmnpqumngg = dlmnpqd2mnaa = dlmnpqd2mnaa <b2mnpq b2pqaa b2aamn> =

d;™"9d3"™" (palga) (amlan) [ (mp[ng) (0| EpmpEng Epa Eqa Eam Ean|0) +

(malnp) 0| Emg Enp Bpa Bga Bam Ean0) |
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di " do ™" (palga) (amlan) [ (mplng)(EmpmEngn + Engmpn — Engpn) +

(mg|np) <5mqm8npn + Emanpm — gmqpm> ] (21)

Since there are two electrons promoted to orbital g in this contraction scheme, it
may be replaced by a, denoting unoccupied orbital, and then it may be dropped in
the resulting circular operators. The general summation related to denominators of
eq. (21) i.e. 30, cn > <y 2q has to be now partitioned into nine partial summations
with different occupation schemes for indices m,n and p,q, in order to evaluate
explicitly the spin integrals. Thus, d;™"P%d,™"99 represents a sum of nine terms. If
Ny = Ny, = 2 and n, = n, = 0, then according to rules described in Sec. 2 and in ref.
[11] we get for example (E;cifjaj + Ejdic; — Ejacj) = (€i€j; — ;) = 2 and the partial
sum takes the following form:
> > i7" (calda)(ailaj) 2 [ (icljd) + (id|jc)]
i<je<d a
If m and n are still doubly occupied, but p and ¢ are singly occupied (n, = n, = 1),
then (Ei5i€jtj + Ejtisj — Ejtsj) = (Erst) and we get
Y>> A (salta) (ailag) (Euse) [ (is|jt) + (itljs) ]
i<j s<t a
The integrals (&) are tabulated in ref. [11]. The most complicated partial sum
arises when all m, n, p, ¢ indices are singly occupied:

Z Z Zdlumtdguwa“(saﬁa) (au]aw) | (us|wt){(Eusubuwtw + Ewtusw — Ewtsw) +

u<w s<t a
(Ut‘ws) <gutu8wsw + gutwsu - gutsu> ]

The above sum is already quite short, as it involves four different singly occupied
(in the reference function) indices, and the long spin integrals Eytysw can be simply
calculated on the fly, using eq. (11). The remaining six partial sums can be extracted

in the similar way.
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Table 1: H? type diagonal matrix element: contractions

For the definition of notation see Appendix. Each term may represent a number
of terms, corresponding to explicitly distinguished cases with all the indices being
different and with some repetitions of indices e.g. due to promotion of two electrons
from (to) the same orbital m = n (p = ¢). The last three rows, referred to as
S1in eq. (15), correspond to intermediate doubles being also doubly excited with
respect to each other and lead to 6-fold summations. In the explicit representation of
all the S1 contractions (distinct summation patterns and chains of operators arising
while distinguishing possible repetitions among indices) one gets except for the terms

included here (with all the indices being different) the terms given in Table 2.

(0|R1HR2|0) := d;"™ da™? (b1 b by )+
Ay [dz by ™ b by ) + ™3 (b by? by ™ )] +
dy™P dymrh (by™P by /P byphmf )+ d;™ dy® (b bt b9 ) +
dymP [dQefph (by™P by efmh p, phef ) + dymfh (by™P byPf9h pghmf V] +
VP P ( 1y P B IR PATT
AP [ dg™ (by™ M PIh P™ BT 4 Ay (b by T b P
+ do™? (b P by I ) 4 dp™P (b b 1 b P™ ) | 4
AP [ o€ (g P by O BgPACT ) o (P ( |y MR by €0 b Pamme
+ dg™M99 ( hy™MPA b PI b9 Y 5P (1P Ty 99 hoPI Y ] -
Ay Ay (g™ hoParg 1y 9T - 579 ( by hyPaTd Ty 9
g (D™ P by b P ) - A€ (g™ Py ) |
dy™mPd [d26qu (bymnpa byefmn poraef )+ dymmh (by™mnpd byPa9h 1, ghmn )
+ dgMIY (g P P B9 ) L (5P ( 1y P bydm by PIET )
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Table 2: Explicit expansion of S1 contractions

The most complicated part of (0|R1H R2|0), referred to as S1 (see Section 3) ex-
panded with respect to repetitions of indices. If all the indices are different one gets
the last three rows of Table 1, without any further contractions implicitly included.
The first four rows of the present Table correspond to repetitions in first two general
summation schemes of S1, whereas the remaining two groups arise from the third
SUm Y.< D p<q 2oe 2og - All the integrals are dropped for simplicity. Notice also
that not all terms with the same structure of the left intermediate double |57 ) are

gathered together. For the definition of notation see Appendix.

dlmnpq [dzeepq + dzmngg] +

dmmep [dZEfpp + dotePP 4 d2mmgh + dg™m99 4 dpemP |

+
dlmnpq [d2mmgq + dangq + d2mmpg + danpg] +
dlm'npq [d2mepp + d2m€qq + dQenpp + dQenqq] +
dlmmpq [d2€mqq + dQempp} + dlmnpp [demgp + dangp] +
dlm”pq [danqq + danpp + d2mmqq + dgmmpp]

+

dy™PE [P d™PI ] 4 PR AP
I P A I R T P
4,5 q,mspt 4

dy"H [ de®MT 4 ™) 4 dy "M 4

dlmtpq [dempt 4 demtq] 4 dlmtpp d2mmpt
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